Abstract. In this paper we study the super-critical 2D dissipative quasi-geostrophic equation.
Introduction
This paper deals with the Cauchy problem for the two-dimensional dissipative quasigeostrophic equation
where the scalar function θ represents the potential temperature and α ∈ [0, 2]. The velocity v = (v 1 , v 2 ) is determined by θ through a stream function ψ, namely v = (−∂ 2 ψ, ∂ 1 ψ), with |D|ψ = θ.
Here, the differential operator |D| = √ −∆ is defined in a standard fashion through its Fourier transform: F (|D|u) = |ξ|F u. The above relations can be rewritten as
where R i (i = 1, 2) are Riesz transforms. First we notice that solutions for (QG α ) equation are scaling invariant in the following sense: if θ is a solution and λ > 0 then θ λ (t, x) = λ α−1 θ(λ α t, λx) is also a solution of (QG α ) equation. From the definition of the homogeneous Besov spaces, described in next section, one can show that the norm of θ λ in the spaceḂ
, with p, r ∈ [1, ∞], is quasi-invariant. That is, there exists a pure constant C > 0 such that for every λ, t > 0
Besides its intrinsic mathematical importance the (QG α ) equation serves as a 2D models arising in geophysical fluid dynamics, for more details about the subject see [6, 15] and the references therein. Recently the (QG α ) equation has been intensively investigated and much attention is carried to the problem of global existence. For the sub-critical case (α > 1) the theory seems to be in a satisfactory state. Indeed, global existence and uniqueness for arbitrary initial data are established in various function spaces (see for example [8, 16] ). However in the critical case, that is α = 1, Constantin et al. [7] showed the global existence in Sobolev space H 1 under smallness assumption of the L ∞ -norm of the initial temperature θ 0 but the uniqueness is proved for initial data in H 2 . Many other relevant results can be found in [9, 13, 14] . The super-critical case α < 1 seems harder to deal with and work on this subject has just started to appear. In [2] the global existence and uniqueness are established for data in critical Besov space B 2−α 2,1 with a smallḂ 2−α 2,1 norm. This result was improved by N. Ju [12] for small initial data in H s with s ≥ 2 − α. We would like to point out that all these spaces are constructed over Lebesgue space L 2 and the same problem for general Besov space B s p,r is not yet well explored and few results are obtained in this subject. In [20] , Wu proved the global existence and uniqueness for small initial data in C r ∩ L q with r > 1 and q ∈]1, ∞[, which is not a scaling space. We can also mention the paper [21] in which global well-posedness is established for small initial data in B 
However in the critical case s = s p c the local time existence is bounded from below by
where η is an absolute nonnegative constant.
The proof relies essentially on some new estimates for transport-diffusion equation
where the unknown is the scalar function θ. Our second main result reads as follows 
.
Besides if v = ∇ ⊥ |D| −1 θ then the above estimate is valid for all s > −1.
We use for the proof a new approach based on Lagrangian coordinates combined with paradifferential calculus and a new commutator estimate. This idea has been recently used by the first author to treat the two-dimenional Navier-Stokes vortex patches [11] . Notation: Throughout the paper, C stands for a constant which may be different in each occurrence. We shall sometimes use the notation A B instead of A ≤ CB and A ≈ B means that A B and B A. The rest of this paper is structured as follows. In next section we recall some basic results on Littlewood-Paley theory and we give some useful lemmas. Section 3 is devoted to the proof of a new commutator estimate while sections 4 and 5 are dealing successively with the proofs of Theorem 1.2 and 1.1. We give in the end of this paper an appendix.
Preliminaries
In this preparatory section, we provide the definition of some function spaces based on the so-called Littlewood-Paley decomposition and we review some important lemmas that will be used constantly in the following pages. We start with the dyadic decomposition. Let ϕ ∈ C ∞ 0 (R d ) be supported in the ring C := {ξ ∈ R d , 3 4 ≤ |ξ| ≤ 8 3 } and such that q∈Z ϕ(2 −q ξ) = 1 for ξ = 0.
We define also the function χ(ξ) = 1 − q∈N ϕ(2 −q ξ). Now for u ∈ S ′ we set
The following low-frequency cut-off will be also used:
We caution that we shall sometimes use the notation ∆ q instead of∆ q and this will be tacitly understood from the context. Let us now recall the definition of Besov spaces through dyadic decomposition. Let (p, m) ∈ [1, +∞] 2 and s ∈ R, then the inhomogeneous space B s p,m is the set of tempered distribution u such that
To define the homogeneous Besov spaces we first denote by S ′ /P the space of tempered distributions modulo polynomials. Thus we define the spaceḂ s p,r as the set of distribution u ∈ S ′ /P such that
We point out that if s > 0 then we have
Another characterization of homogeneous Besov spaces that will be needed later is given as follows (see [18] ). For
(1)
with the usual modification if m = ∞.
In our next study we require two kinds of coupled space-time Besov spaces. The first one is defined in the following manner: for T > 0 and m ≥ 1, we denote by L r TḂ s p,m the set of all tempered distribution u satisfying
The second mixed space is L r TḂ s p,m which is the set of tempered distribution u satisfying u
We can define by the same way the spaces L 2 , then we have
Another classical result that will be frequently used here is the so-called Bernstein inequalities (see [3] and the references therein): there exists C such that for every function u and for every q ∈ Z, we have
It is worth pointing out that the above inequalities hold true if we replace the derivative ∂ α by fractional derivative |D| α . According to Bernstein inequalities one can show the following embeddingṡ
Now let us we recall the following commutator lemma (see [3, 10] and the references therein).
Assume in addition that
Then we have
Moreover we have for
In addition this estimate holds true for all
The following result describes the action of the semi-group operator e t|D| α on distributions whose Fourier transform is supported in a ring. Proposition 2.2. Let C be a ring and α ∈ R + . There exists a positive constant C such that for any p ∈ [1; +∞], for any couple (t, λ) of positive real numbers, we have
Proof. We will imitate the same idea of [4] . Let φ ∈ D(R d \{0}), radially and whose value is identically 1 near the ring C. Then we have
where
We seth
−tλ α |ξ| α e i<x,ξ> dξ.
Now to prove the proposition it suffices to show that
For this purpose we write with the aid of an integration by parts
From Leibnitz's formula, we have
As φ is supported in a ring that does not contain some neighbourhood of zero then we get for ξ ∈ supp φ
Thus we find that
Since the term of the right-hand side belongs to L 1 (R d ), then we deduce that
This completes the proof of the proposition.
Commutator estimate
The main result of this section is the following estimate that will play a crucial role for the proof of Theorem 1.2. 
Proof. First we rule out the obvious case α = 0 and let us recall the following formula detailed in [9] which tells us that for all α ∈]0, 2[
and moreover,
Indeed, the L p norm of the integral function satisfies in view of Minkowski inequalities
Thus we find that the left integral term is finite almost every where. Inasmuch as the flow preserves Lebesgue measure then the formula (3) yields
Applying again (3) with f • ψ, we obtain
Thus we get
Taking the L p norm and using (1) we obtain
According to [17] one has the following composition result
Therefore (5) becomes
It is plain from mean value Theorem that
which gives easily the inequality
This concludes the proof.
Proof of Theorem 1.2
We shall divide our analysis into two cases: r = +∞ and r is finite. The first case is more easy and simply based upon a maximum principle and a commutator estimate. Before we move on let us mention that in what follows we will work with the homogeneous Littlewood-Paley operators but we take the same notation of the inhomogeneous operators. Set θ q := ∆ q θ, then localizing the (QG α ) equation through the operator ∆ q gives (6)
According to Proposition 6.2 we have
Multiplying both sides by 2 qs and summing over q
This yields in view of Lemma 2.1
dτ.
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To achieve the proof in the case of r = ∞, it suffices to use Gronwall's inequality.
We shall now turn to the proof of the finite case r < ∞ which is more technical. Let ψ denote the flow of the velocity v and set ψ(t, x) ).
Since the flow preserves Lebesgue measure then we obtain
It is not hard to check that the functionθ q satisfies
From Proposition 3.1 we find that for q ∈ Z
Notice that we have used here the classical estimates
Putting together (8) and (10) yield
Applying the operator ∆ j , for j ∈ Z, to the equation (9) and using Proposition 2.2
Integrating this estimate with respect to the time and using Young's inequality
Since the flow ψ preserves Lebesgue measure then one writes
To estimate the term I we make appeal to Lemma 6.1
In order to bound the second term II we use (12)
Denote Z r q (t) := 2 q(s+α/r) θ q L r t L p , then we obtain in view of (13) and (14) 
We can easily show that there exists two pure constants N and C 0 such that
Thus we obtain under this condition
Summing over q and using Lemma 2.1 lead for
ON THE GLOBAL SOLUTIONS OF THE SUPER-CRITICAL 2D Q-G EQUATION IN BESOV SPACES 11
Thus we get in view of the estimate of the case r = ∞
This gives the result for a short time.
For an arbitrary positive time T we make a partition (
Applying the triangle inequality gives
On the other hand the estimate proven in the case r = ∞ allows us to write
Thus the following observation C 0 M ≈ 1 + V (t) completes the proof of the theorem.
Proof of Theorem 1.1
For the sake of a concise presentation, we shall just provide the a priori estimates supporting the claims of the theorem. To achieve the proof one must combine in a standard way these estimates with a standard approximation procedure such as the following iterative scheme
Global existence.
It is plain from Theorem 1.2 that to derive global a priori estimates it is sufficient to bound globally in time the quantity
∞ combined with the fact that Riesz transform maps continuously homogeneous Besov space into itself (17) ∇v
Combined with Theorem 1.2 this yields
Since the function V depends continuously in time and V (0) = 0 then we can deduce that for small initial data V does not blow up, and there exists C 1 , η > 0 such that
Let us now show how to derive the a priori estimates. Take s ≥ s
On the other hand we have from Proposition 6.2
Therefore we get an estimate of θ in the inhomogeneous Besov space as follows
Using again Theorem 1.2 yields
For the velocity we have the following result.
However, for p = 1 we have
Combining the boundedness of Riesz transform with the maximum principle
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To treat the case p = ∞ we write according to the embeddingḂ 0 ∞,1 ֒→ L ∞ and the continuity of Riesz transform
Combining this estimate with (19) yields
Hence we get for all
Let us now move to the case p = 1. Since B s 1,1 ֒→ L p 1 for all p 1 ≥ 1 then we get in view of Bernstein's inequality and the maximum principle
Let us now briefly sketch the proof of the continuity in time, that is θ ∈ C(R + ; X s p ). We should only treat the finite case of p and similarly one can show the case p = ∞. From the definition of Besov spaces we have
Let ǫ > 0 then we get from (19) the existence of a number N such that
Thanks to Taylor's formula
To estimate the last term we write
In one hand we have |D| α θ ∈ B (17) and according to the said Hölder's inequality we have
Using Theorem (1.2) we obtain
Thus we conclude that there exists C 0 , η > 0 such that
and this gives from Theorem 1.2
We point out that one can deduce from (21) that the time existence is bounded below
• Second case: s = s 
The second term of the right-hand side can be estimated from Lemma 2.1 as follows
Notice that we have used in the above inequality the fact that Riesz transform maps continuously homogeneous Besov space into itself. Hence we get
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Using again (15) with r = 2, p = ∞ and s = 1 − α, we obtain
By Lebesgue theorem we have
Let η be a sufficiently small constant and define
Then we have under the assumptions t ≤ T 0 and
Inserting this estimate into (24) gives
For sufficiently small η we obtain V (t) < C 0 and this allows us to prove that the time T 0 is actually a local time existence. Thus we obtain from Theorem 1.2
5.3. Uniqueness. We shall give the proof of the uniqueness result which can be formulated as follows. There exists at most one solution for the system (QG α ) in the functions space
, is continuously embedded in X T . Let θ i , i = 1, 2 (and v i the corresponding velocity) be two solutions of the (QG α ) equation with the same initial data and belonging to the space X T . We set θ = θ 1 −θ 2 and v = v 1 − v 2 , then it is plain that
Applying Theorem 1.2 to this equation gives
We will now make use of the following law product and its proof will be given later.
Since Riesz transform maps continuouslyḂ
Inserting this estimate into (25) and using Gronwall's inequality give the wanted result.
Let us now turn to the proof of (26) which is based on Bony's decomposition
, with
Using the quasi-orthogonality of the paraproduct terms one obtains
By the same way we get
For the remainder term we write in view of the incompressibility of the velocity and the convolution inequality
This completes the proof of (26).
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Appendix
The following result is due to Vishik [19] and was used in a crucial way for the proof of Theorem 1.2. For the convenience of the reader we will give a short proof based on the duality method. 
ǫ(j, q) = sign(j − q).
We shall begin with the proof of Lemma 6.1
Proof. We distinguish two cases: j ≥ q and j < q. For the first one we simply use Bernstein's inequality
It suffices now to combine Leibnitz formula again with Bernstein's inequality
This yields to the desired inequality. Let us now move to the second case and use the following duality result
Letφ ∈ C ∞ 0 (R d ) be supported in a ring and taking value 1 on the ring C (see the definition of the dyadic decomposition). We set∆ q f :=φ(2 −q D)f. Then we can see easily that∆ q f =∆ q∆q f. Combining this fact with Parseval's identity and the preserving measure by the flow
Therefore we obtain
Lp . This implies in view of the first case
L ∞ g Lp . Thus we get in view of (27) the wanted result.
Next we give a maximum principle estimate for the equation (T D α ) extending a recent result due to [9] for the partial case f = 0. The proof uses the same idea and will be briefly described.
